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POLARIZABILITY OF THE IONIC CLOUD AROUND A CHARGED MEMBRANE SHEET
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The polarizability of the ionic cloud around a charged membrane sheet parallel to the surface is calculated. The membrane is
modeled as an infinitely thin and long strip of width 2d’. The Poisson-Boltzmann equation is solved with an external electric
field as a perturbation. The polarizability is given in closed integral form, with numerical results. At higher salt concentration
the polarizability varies approximately as k%, where & is the Debye-Huckel constant. The given theoretical result can account

for the a.c. electrodichroism of purple membrane suspensions.

1. Introduction

If a charged object is placed in an ionic solution
the charges will be compensated by an ionic cloud
around the object. As a result, far away from the
object, the system (charged object and the ionic
cloud) will appear as electrically neutral. Not only
the charges are compensated, but also the electric
dipole moment of the whole system equals zero for
a finite charged object. In other words, the multi-
pale series expansion [1] for a charged object in
ionic solution gives zero net charge and dipole
moment. The distribution of the ions around the
charged object is governed by the Poisson-Boltz-
mann equation [2]. If an external electric field is
switched on this system there is an ionic current
and the distribution of the i1onic cloud around the
object is distorted. This results in an induced
dipole moment of the system and the effect of the
external field can be characterized by a polariza-
bility. If the charged object is not a sphere with
spherical charge distribution the polarizability is
anisotropic, i.e., it depends on the mutual orienta-
tion of the external field and the charged object.
(The electric field interacts directly with the charges

of the object resulting in an electrophoretic move-
ment. This is not relevant in the following, so the
object can be imagined as fixed in space.)

In principle, the polarizability can be de-
termined by solving the Poisson-Boltzmann equa-
tion in an external field (with ionic conduction); in
practice this can be done only in limited cases. In
this paper we give the solution of this problem for
a long, infinitely thin, charged strip. The interest
in the solution of this problem arose in connection
with the electric dichroism of the purple mem-
brane. The electric dichroism of a purple mem-
brane suspension in an alternating electric field
can be explained by assuming a polarizability of
the membrane fragments and the surrounding ionic
cloud [3,4]. As our result shows, the 1onic strength
dependence of the polarizability of a purple mem-
brane suspension can be adequately explained by
our model calculations. In the following we for-
mulate the problem, give the differential equations
and solve them for the polarizability parallel to the
strip. We would like to keep the problem as simple
as possible to obtain an analytical solution. We
shall neglect hydrodynamic drag forces (solvent
flow) and dielectric loss effects, i.e., the polariza-
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bility will be given for the low-frequency (d.c.)
response to the external perturbing electric field.
QOur measurements on purple membranes show
that the polarizability is approximately frequency
independent at » < 10 kHz. A more general treat-
ment including drag forces and frequency response
is given in refs. 5-8. A similar calculation was
given by Rau and Charney [9] for a charged
cylinder (but see also ref. 5 and 10 for the same
problem).

2. Theory

We wish to calculate the ionic distribution
around a thin, infinitely long, charged strip, whose
width is 24’ (fig. 1). The strip has a smoothly
distributed charge of Q per unit surface and is
immersed in an ionic solution. For simplicity we
assume monovalent ions with N=N_ = N_ con-
centration (number of ions per unit volume) far
away from the strip. The external electric field, £°,
is directed along the x’-axis. The ion distribution
n , and the electric potential {’ are given by:

n,=N(n%+8,) 1)
4// — (PI + q)f _ Elxl (2)
where noi and ¢’ describe the static distribution of

the ions and potential when the external field is
off. 8, and ¢’ give the change caused by the

-~

Fig. 1. The infinite membrane sheet for calculation of the
polarizability parallel to the x’ direction.

electric field £’, i.e.:
8,.¢>0ifE' -0 (3)

All functions depend on x’ and z’.
When the external field is off, we apply the
following Poisson-Boltzmann equations:

A'Y = w'¢’ (4a)
n®+nt =1 +(7(€7-:)2(¢’)2 (4b)
ne—nt= - 2y (4c)

2 _ 87;:';N (4d)

with the boundary conditions:

27 )
9o’ —Q if x|<gd’
_a;j, =T al (5a)
) it |x|>d
¢, n =0 it Ix'llz’]—> (5b)

where € is the dielectric constant of the ionic
solution, k and « the Boltzmann and Debye-Hickel
constants, 7 the absolute temperature and e the
elementary charge.

The equations are much simpler if we measure
the energy in AT and the distance in 1 /k units [11].
Then the potentials and the coordinates will be
dimensionless quantities:

¥ _e¥

"’"kr kT

_e9 L1 eE’

kT b= kT (6)
x =kx’ z=kz'

With rescaled variables eqs. 4 transform to:

Ap=o (7a)
n? +n’ =24+¢>+ ... (7b)
n —n'=—-2¢+ ... (7c)
and eqs. 5:
29¢0 .
_ 125 _ T T Ixlsd (8)
%0 if |x|>d
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As 3 must fulfill the Poisson-Boltzmann equation,
we obtain for ¢:

Ap==3xp. ()
where

p,=8,_ +8_

p.=8,—-8_ (10)
The boundary conditions for ¢, 8, and 8 _:

%% ::0=0 (11a)
@8, = 0if [x],]z} = o0 (11b)

The drift velocities of the ions in the external
field F are given [11] in rescaled variables by:

/.
xkT

u,=Fevy—Vinn, (12)
where f, are the frictional coefficients of the ions.
For steady-state conditions [11]:
v-(n,u,)=0 (13)
and from eq. 12 it follows that;
v-[Frn,vy-wvn. =0 (14)

As eq. 14 is also valid for n, and ¢, subtracting

this from eq. 14 we obtain:
v [Fn v(e- Ex)F8, v - vs,|=0 (15)

We would like to determine the effect of the
external field on the ion distribution in the first
order of E. All higher terms of E in egs. 15 will be
neglected (e.g., 8, 9):

v |[-n)v(g—Ex)-8,ve—vs,|=0 (16a)

V- [nv(eg—Ex)+6_wo—ws_|=0 (16b)

Adding and subtracting egs. 16a and 16b and

introducing the quantities in egs. 10 we obtain:

v [(n+n2)v(p—Ex)+p,ve+wp_| =0
(17a)

V- [(nl=n)v(p—Ex)+p_vé+vp,] =0
(17b)

The quantities #°, and ¢ describe the static
conditions of the ionic¢ cloud and &, and @ the
perturbations caused by the external field, £. The
perturbations 8, and ¢ depend on E and on the
static distribution n’, and ¢. We have already
linearized eqs. 15 in E, now the order dependence
of the perturbation (8, and ¢) on static condi-
tions ("'L and ¢) is taken into account. Examina-
tion of egs. 17a and 17b shows that p . depends on
é. but p and ¢ depend on ¢? in the lower order
(see also eqs. 4b and 4c). In other words, if we
expand egs. 17a and 17b in powers of ¢ and
keeping only the lower order terms, we obtain:

_ 3¢
dp, = —2E%" (18a)
¢
Ap_—p_=2E¢7-— Vo, Vo~ p.4¢ (18D)

Further boundary conditions for p, can be
obtained from eqs. 11a and 17a and b by taking
into account that:

ut|._,=0if [x|<d

In the same order of ¢, we obtain:

dp., _
37 ;=o_0 (19a)
27e .
dp _ =Tgp+(z:0) if |xlsd (15b)
BZ =0 .
0 if |x|=d

We notice that all functions are even in z, but
that ¢ 1s even, and p, and p_ are odd in x.

The electric dipole moment m, induced by the
external field E, for unit length y’ (fig. 1) is given
by

m=2eN_/(;oofQQ (6, -8 )x'dx'dz
-

= 2:?] /;wfj;xpfdxdz (20)

To obtain the induced dipole moment, it is not
necessary to solve eqs. 18a and b. By partial
integration of eq. 20 and taking into account the
boundary conditions, it can be shown that:

=2 (77 acay
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2‘fo ¢dp*dde (21)

According to eq. 21 we need only ¢ and p, to
calculate the dipole moment.

2.1. Solutions of the differentiul equations
First we solve the differential equation, eq. 7a.

with boundary conditions egs. 5b and 8. We seck
the solution in the Fourier integral of ¢ in x:

¢(x.z):‘[,,,f flk.z)e* dk

For f(k, z), we obtain from eq. 7a:

d?f
dk?

)f=0

which has the solution:
Sk, z)=ae™ +uze
with

VKT

As ¢ is a real function, 4, and a, are also real
and eq. 8 gives for z > O:

a, =10
_ AmeQ
27 kT
and
flk. z)= dmeQ sin(kd) o Vit (22)

ekTk Wi+ 1

(It was taken into account that ¢ should be finite
at z — 00.)
The final solution is:

_WmeQ sin(kd )
ek Tk f_mkr+l

.ef‘/l\Til-:_eil\.\.dk (23)

o(x, z

In a similar way we seek the solution of eq. 18a
in the form:

1 ©
— r(k.z)e* dk
arl

p.(x.z)=

From egs. 18a and 22 we obtain a differential
equation for r(k, z):

d*r
dk?

r=—2kEf (24)
The general solution of eq. 24 has the form:
r=r,+r

where 7, is the general solution for:

dz"o
dk?

—kr,=0

and r, is a special solution of eq. 24. It is easy to
find r; with eq. 22:

—\/Azrl:

With the boundary conditions egs. 11b and 19a
and taking into account that g, is real and an odd
function in x, the solution for r, is:

2meQ sin(kd) e

ry=4i : '

kT k|

With these results we obtain for p, :

4\[277e ®
p,.=FEi ekTch/ sin( kd)
—1klz 7‘//\'3+l»:
x| &—-¢ — | et dk (25)
Kl Va4

The solution shows that the perturbation p, is
linear in the external field, E.

3. Results and discussion

With the solutions given by egs. 23 and 25 and
using eq. 21 we can calculate the induced dipole
moment. The result is:

27eQ? > sin’(kd)

m=FE
ck Tk’ —ookl\/kz-q-l
x(1+ LS e Jak (26
K1 k24 kVh® +1

The induced dipole moment is proportional to E,
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F(xd?

0

0 50 100 150
wd’

Fig. 2. The behavior of the function Fin eq. 27.

with the proportionality factor giving the polariza-
bility, a, of the ionic cloud around the membrane
sheet (for unit length in the y’ direction).

Returning to the conventional units in d” and
E’. the polarizability a, parallel to the sheet, can
be given in the form:

2 meQ 2£ ,
«= (57 S Flxd) (27)
where

2 p=sin’x ,
Fled') =7 [ == f [e/(ed)]dx (28)
and

1 y? 4y’
fly)= 1+ -
142 T+y? 24y /142
(29)

y=x/(xd")

The integral in eq. 28 was calculated numeri-
cally and the result is shown in fig. 2. In the high
salt concentration limit 4’ > 1/k, the function
F(xd’) approaches 1. This behavior follows from
the dependence of fon y. The function f under the
integral in eq. 28 varies linearly at small values of
its argument (fig. 3) and this is the main contribu-
tion to the integral at kd’ > 1. At lower values of
xd’ (below kd’ = 20) the rapid decrease and the
change of sign in the function f (fig. 3) decrease
the integral, eq. 28, more rapidly.

i .
02 Vo dmaxf(xd)
bl 1 2
ixd)

Fig. 3. A plot of the function f under the integral in eq. 28.

At high values of kd’ the polarizability, a, varies
approximately as k. In this case the ionic cloud
approaches the charged strip,the interaction be-
tween the cloud and the charge on the strip is
stronger, and the effect of the external field of
polarizing the ionic cloud decreases rapidly. As eq.
27 shows, in that range of salt concentration the
polarizability is approximately proportional to the
surface of the membrane sheet.

It can be shown approximately that eq. 27 is
consistent with the result given in ref. 9 for a rod.
Let kd’ > 1. Take a piece of the strip of length

x ' in the y’ direction. Its polarizability is given by

-[#) %

Such a piece is very similar (but not completely
identical) in behavior to a thin rod of length
L’ = d’ with double layer thickness k™! Qx ! =
Qg is the equivalent linear charge density. Hence

- eQg ZE
*E\KT ) 2

This 1s essentially eq. 41 of Rau and Charney [9].

The polarizability of purple membrane suspen-
sions was measured by electrodichroism in ref. 4
as a function of salt concentration. At higher salt
concentration (above approx. 1 mM KCl) a « *
dependence was found. Comparison of the experi-
mental result with eq. 27 allowed the determina-
tion of the membrane surface charge density and
separation of the inner membrane polarizability
component.
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