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The polarizability of the ionic cloud around a charged membrane sheet parallel to the surface is calculated. The membrane is 

modeled as an infinitely thin and long strip of width 2d’. The Poisson-Boltzmann equation is solved with an external electric 

field as a perturbation. The polarizability is given in closed integral form, with numerical results. At higher salt concentration 

the polariLability varies approximately as I(-‘, where K is the Debye-HDckel constant. The given theoretical result can account 

for the a.c. electrodichroism of purple membrane suspensions. 

1. Introduction 

If a charged object is placed in an ionic solution 
the charges will be compensated by an ionic cloud 
around the object. As a result, far away from the 
object, the system (charged object and the ionic 
cloud) will appear as electrically neutral. Not only 
the charges are compensated, but also the electric 
dipole moment of the whole system equals zero for 
a finite charged object. In other words, the multi- 
pole series expansion [l] for a charged object in 
ionic solution gives zero net charge and dipole 
moment. The distribution of the ions around the 
charged object is governed by the Poisson-Boltz- 
mann equation [2]. If an external electric field is 
switched on this system there is an ionic current 
and the distribution of the ionic cloud around the 
object is distorted. This results in an induced 
dipole moment of the system and the effect of the 
external field can be characterized by a polariza- 
bility. If the charged object is not a sphere with 
spherical charge distribution the polarizability is 
anisotropic, i.e., it depends on the mutual orienta- 
tion of the external field and the charged object. 
(The electric field interacts directly with the charges 

of the object resulting in an electrophoretic move- 
ment. This is not relevant in the following, so the 
object can be imagined as fixed in space.) 

In principle, the polarizability can be de- 
termined by solving the Poisson-Boltzmann equa- 
tion in an external field (with ionic conduction); in 
practice this can be done only in limited cases. In 
this paper we give the solution of this problem for 
a long, infinitely thin, charged strip. The interest 
in the solution of this problem arose in connection 
with the electric dichroism of the purple mem- 
brane. The electric dichroism of a purple mem- 
brane suspension in an alternating electric field 
can be explained by assuming a polarizability of 
the membrane fragments and the surrounding ionic 
cloud [3,4]. As our result shows, the ionic strength 
dependence of the polarizability of a purple mem- 
brane suspension can be adequately explained by 
our model calculations. In the following we for- 
mulate the problem, give the differential equations 
and solve them for the polarizability parallel to the 
strip. We would like to keep the problem as simple 
as possible to obtain an analytical solution. We 
shall neglect hydrodynamic drag forces (solvent 
flow) and dielectric loss effects, i.e., the polariza- 
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bility will be given for the low-frequency (d.c.) 
response to the external perturbing electric field. 
Our measurements on purple membranes show 
that the polarizability is approximately frequency 
independent at v < 10 kHz. A more general treat- 
ment including drag forces and frequency response 
is given in refs. 5-8. A similar calculation was 
given by Rau and Charney [9] for a charged 
cylinder (but see also ref. 5 and 10 for the same 
problem). 

2. Theory 

We wish to calculate the ionic distribution 
around a thin, infinitely long, charged strip, whose 
width is 2d’ (fig. 1). The strip has a smoothly 
distributed charge of Q per unit surface and is 
immersed in an ionic solution. For simplicity we 
assume monovalent ions with N = N, = N_ con- 
centration (number of ions per unit volume) far 
away from the strip. The external electric field, E’, 
is directed along the x’-axis. The ion distribution 
n + and the electric potential $’ are given by: 

n*=N(nO,+6,) (1) 
4’ = q,’ + $ _ Efxp (2) 
where n’! and 9’ describe the static distribution of 
the ions and potential when the external field is 
off. 6, and cp’ give the change caused by the 

Fig. 1. The infmlte membrane sheet for calculation of the 

polarizability parallel to the x’ direction. 

electric field E’, i.e.: 

8k.V +OifE’+O 

All functions depend on x’ and z’. 

(3) 

When the external field is off, we apply the 
following Poisson-Boltzmann equations: 

(4a) 

ny + n!? = 1 + CT i i y$by2 
0 2e 

fl+ - nY = - kT+’ 

K2 _ 8re2N 
kT (44 

with the boundary conditions: 

a+ _- 
af ,rl_o = 

FQ if jx’l<d’ 
(5a) 

0 if Ix’l> J’ 

6’. t?‘; -+ 0 if /.x’I,Iz’I + cc (5b) 

where t is the dielectric constant of the ionic 
solution, k and K the Boltzmann and Debye-Htickel 
constants, T the absolute temperature and e the 
elementary charge. 

The equations are much simpler if we measure 
the energy in kT and the distance in 1,‘~ units [ll]. 
Then the potentials and the coordinates will be 
dimensionless quantities: 

, 
E:=LeE’ 

K kT (6) 

X = KX’ Z = KZ’ 

With resealed variables eqs. 4 transform to: 

A+=+ (7a) 

n;+n’l=2++2+ (7b) 
0 

n+ -n’!= -2+-t . . . (7c) 

and eqs. 5: 

(8) 
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As + must fulfill the Poisson-Boltzmann equation, 

we obtain for q: 

Acp= -$K*p_ (9) 

where 

p+=6++6_ 

[)_=6+-& (10) 

The boundary conditions for cp, S, and K : 

ii!!? 
az ._o_” 

(lla) 

rp,6 + + 0 if /xl,/zj + 00 (lib) 

The drift velocities of the ions in the external 

field E are given [ll] in resealed variables by: 

f i 
K’kT 

“I? = fevIC/--V Inn, 

where J+ are the frictional coefficients of the ions. 

For steady-state conditions [ll]: 

V-(n,u,)=O (13) 

and from eq. 12 it follows that: 

V-[+n+V$-vn,]=O (14) 

As eq. 14 is also valid for H’: and +, subtracting 
this from eq. 14 we obtain: 

v.[fn’:v(cp-Ex)+S+v~-vS+]=O (15) 

We would like to determine the effect of the 

external field on the ion distribution in the first 

order of E. All higher terms of E in eqs. 15 will be 

neglected (e.g., S &‘p): 

V.[-n'lV(cp-Ex)-6+V~-V6,]-0 (16a) 

v-[n”V(9,-Ex)+S~V~-VS_]=O (t6b) 

Adding and subtracting eqs. 16a and 16b and 

introducing the quantities in eqs. 10 we obtain; 

V#rD,+nO)V(~--_x)+p+vC$+vp-] =o 

(17a) 

v -[(nl:- nO)v(cp-Ex)+p07++ VP+] =o 

(17b) 

The quantities n’: and + describe the static 

conditions of the ionic cloud and 6* and cp the 

perturbations caused by the external field, E. The 

perturbations 6 f and ‘p depend on E and on the 

static distribution n’), and $I_ We have already 

linearized eqs. 15 in E, now the order dependence 

of the perturbation (S + and ‘p) on static condi- 

tions (n’), and +) is taken into account. Examina- 

tion of eqs. 17a and 17b shows that p+ depends on 

9. but p and cp depend on $J’ in the lower order 

(see also eqs. 4h and 4~). In other words, if we 

expand eqs. 17a and 17b in powers of + and 

keeping only the lower order terms, we obtain: 

AP+ = 
-2E?!? 

3X 
(Isa) 

Ap_ ~ p_ = 2&g ~ VP+. v9 - p+A$ (18b) 

Further boundary conditions for p* can be 

obtained from eqs. lla and 17a and b by taking 

into account that: 

In the same order of 9, we obtain: 

aP+ 

a2 / 
0 (19a) 

aP- 
2neQ 

- E 
az z=o 

mp+(z=O) if Ixl6d 
(19b) 

0 if Ixlad 

We notice that all functions are even in z, hut 

that + is even, and p+ and p_ are odd in x. 
The electric dipole moment m, induced by the 

external field E, for unit length y’ (fig. 1) is given 

by 

m=2eN O” 
ss 

w (6, - Gm)x’dx’dz’ 
0 -cc 

2eN m m 

Jl K’ 0 

xp_dxdz (201 
-00 

To obtain the induced dipole moment. it is not 

necessary to solve eqs. 18a and h. By partial 

integration of eq. 20 and taking into account the 
boundary conditions, it can he shown that: 

2eN m m 
m=E- 

lf K’ 0 

+‘dxd,v 
-m 
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(21) 

According to eq. 21 we need only + and p, to 

calculate the dipole nmnent. 

2. I. Solutions of the difjerentinf equutions 

First we solve the differential equation, eq. 7a. 

with boundary conditions eqs. 5b and 8. We seek 

the solution in the Fourier integral of + in x: 

Fo~f(k, z), we obtain from eq. 7a: 

which has the solution: 

j’(k,z)=o,e”=+clle A- 

with 

x=Jk’+I 

As + is a real function, (I, and u2 are also real 

and eq. 8 gives for z > 0: 

a, =o 

477ep 
u* = - 

EkTK 

and 

/(k, z)=-- 
4meQ sin(M) e _\lnr+l__ 

ekTu kJk’+l 
(22) 

(It was taken into account that 4 should be finite 

at 2 + 00.) 

The final solution is: 

2\l;;eQ 4~x3 z)=~ J 
O” sin(kd) 

--co k@+l 

.,-piT.: ,h\ dk .e (23) 

In a similar way we seek the solution of eq. 18~1 

in the form: 

From eqs. 18a and 22 we obtain a differential 

equation for r( k, z): 

d’r 
-- k2r= -2ikEj 
dk2 

(24) 

The general solution of eq. 24 has the form: 

r = r,, + Y, 

where 5, is the general solution for: 

d’r 
---!! - kr,, = 0 
dk’ 

and r, is a special solution of eq. 24. It is easy to 

find r, with eq. 22: 

r = _4iE2meQ sin(kJ) .em,/~l+~ I -. 1 kT &+j 

With the boundary conditions eqs. lib and 19a 

and taking into account that p+ is real and an odd 

function in .x, the solution for r,, is: 

r = 4iE2neQ sin(kdl -.-‘L’ Ih!: 
0 rkTu lkl 

With these results we obtain for p+ : 

p+= Ei 
4{2rreQ m 
l kTK J 

sin( kd) 
_-Ix: 

x i 

-- (25) 

The solution shows that the perturbation p, is 

linear in the external field, E. 

3. Results and discussion 

With the solutions given by eqs. 23 and 25 and 

using eq. 21 we can calculate the induced dipole 
moment. The result is: 

,?* = E 27reQ’ 

ckT& J 

m sin’(kd) 

-cok7&+j 

dk (26) 

The induced dipole moment is proportional to E, 
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Fig. 2. The behavior of the function Fin q. 27. 

with the proportionality factor giving the polariza- 

bility, a, of the ionic cloud around the membrane 

sheet (for unit length in they’ direction). 

Returning to the conventional units in d’ and 

E’. the polarizahility (Y, parallel to the sheet, can 

be given in the form: 

where 

and 

(27) 

f(Y) = ,i:,? I I+ 1 :?,* 
4Y2 

Y2 +YF? I 

(29) 

Y = X/( Kd’) 

The integral in eq. 28 was calculated numeri- 

cally and the result is shown in fig. 2. In the high 

salt concentration limit d’> I/K, the function 

F(K~‘) approaches 1. This behavior follows from 

the dependence off on Y. The function j under the 

integral in eq. 28 varies linearly at small values of 
its argument (fig. 3) and this is the main contrihu- 

tion to the integral at Ed’ =-) 1. At lower values of 

red’ (below Kd’ = 20) the rapid decrease and the 

change of sign in the function f (fig. 3) decrease 
the integral, eq. 28. more rapidly. 

Fg. 3. A plot of the function / under the integral in eq. 2X. 

At high values of ad’ the polarizability, a. varies 

approximately as K ‘. In this case the ionic cloud 

approaches the charged strip,the interaction be- 

tween the cloud and the charge on the strip is 

stronger, and the effect of the external field of 

polarizing the ionic cloud decreases rapidly. As eq. 

27 shows, in that range of salt concentration the 

polarizability is approximately proportional to the 

surface of the membrane sheet. 

It can be shown approximately that eq. 27 is 

consistent with the result given in ref. 9 for a rod. 
Let uCj’ E+ 1. Take a piece of the strip of length 
K ’ in they’ direction. Its polarizability is given by 

Such a piece is very similar (but not completely 

identical) in behavior to a thin rod of length 

L’ = d’ with double layer thickness k-r. QKF’ = 

QK is the equivalent linear charge density. Hence 

This is essentially eq. 41 of Rau and Charney [9]. 

The polarizability of purple membrane suspen- 

sions was measured by electrodichroism in ref. 4 

as a function of salt concentration. At higher salt 

concentration (above approx. 1 mM KCI) a K ’ 

dependence was found. Comparison of the experi- 

mental result with eq. 27 allowed the determina- 

tion of the membrane surface charge density and 

separation of the inner membrane polarizahility 
component. 
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